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Abstract

The developmentand useof variationalprinciplesfor variousproblemsin atomic
physicsby Larry Spruchandhis collaboratorsover the last forty yearsis reviewed

andaroadmaprovidedfor their publications.
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. INTRODUCTION

Variationalprinciplesareamongthe mostimportanttoolsin physics.It is a powerful ideathat
onecanwrite anexpressiorsoconstructedhatit improvesonaninitial guesse@stimateof theso-
lution or physicalquantitybeingsought.An initial errorin theguesss reducedjuadraticallythus
allowing analyticalor numericalimprovementsjncludingiterative applicationso asto corverge
towardsthe exactanswer

The Rayleigh-Ritzprinciple for the groundstateenenpy is the bestknown and mostwidely
usedof all variationalprinciples. It canbe saidsafelythata very large fraction of all theoretical
calculationsn physicsusethis principle. The next majorcontributionsarethe Kohn,Hulthenand
Schwingervariational principlesformulatedin scatteringtheory but also applicableelsavhere.
After thesemajorcontribtutionsof overfifty yearsago,themostsignificantcontributionshave been
thosemadeby Larry Spruchandhis groupwho have both provided new variationalexpressions
andclarifiedandmadesystemati¢he basicsof the subject.

Their work providesa generalmethodfor constructingvariationalprinciplesfor almostary
givenproblemin mathematicaphysics thusremoving the needfor ingenuityin writing down the
variationalexpression.This work alsodisalusesa feelingsome(mary?) hadthatonly afew, spe-
cific problemsadmitvariationalprinciples.All theknown principles,includingthoselistedabove,
canberecoveredthroughapplicationof this methodwhich is at the sametime very simpleto ap-
ply. Many new variationalexpressionhave beendevelopedaswell, includingby otherswho have
adoptedthe generalmethodof construction.At the sametime, Spruchhasalsoemphasizedhe
distinctionsbetweentermsoften usedinterchangeablysuchasvariationalprinciples,variational
bounds extremumprinciplesandnon-variationalbounds.

This brief surey confinesitself to the work on variationalprinciples. It shouldbe readin

conjunctionwith the companiorarticle on variationalboundsby YukapHahn.



[I. DEFINITIONSAND WORK OF THE EARLY 1960S

Spruchs early work, startingwith a 1959 paper[1] , actually dealtwith variationalbounds
on the scatteringengththroughthe KohnandHulthenvariationalprinciples. Sincea succession
of papersover the next half-dozenyearsdealtwith demonstratinghat theseprinciplesactually
provided boundsand underincreasinglyless-restrictre conditions,it is usefulto startwith the
distinctionthathe hasalwaysemphasizedBy avariationalprinciple,we meanthattheerrorin the
final estimatels quadraticin the error of the input functions,thatis, the expressionis stationary
with respectto departuresf the input functionsfrom their exact values. The input functions
are calledtrial functionsandtheir departureérom the exact valuescalledfirst-ordererrors. The
variationalexpressiontself will containonly second-andhigherordererrors.Equivalently, such
principlescouldbetermedstationaryprinciples,atermSpruchwould actuallyfavor [2] , reserving
the usagevariationalonly whenthe expressiorandthe functionsthereincontainparametershat
canbe varied. However, currentusageof "variationalprinciples”is sufficiently widespreadhat
we will usethetermsvariationalandstationaryinterchangeably

But we will presere the next distinction, namelywhenone canalso guaranteghat the ex-
pressionis not only stationarybut the second-ordeerroris of well definedsign. In sucha case,
we have an "extremumprinciple” or, equivalently, a "variationalbound”, upperor lower bound
dependingon the sign of the second-ordeerrort. The Rayleigh-Ritzresultis, therefore,actually
an extremumprinciple or a variationalupperbound,its value both stationaryand guaranteedo
lie above the exactgroundstateenepgy. Variationalboundswhenavailable,are of coursemuch
more powerful than”mere” variationalprinciples,the guaranteeanonotoniccornvergencefrom
onedirectiontowardsthe exactanswetbeingsuperiorto possiblyoscillatorycornvergence partic-
ularly in numericalapplicationsn a mary parametespace.But the problemsfor which onecan
write down variationalboundsform a small subset,dependingon "the physicsof the problem”
(for example,thatthe stateis the groundstateof the systemandthereforehasthe lowestenenpy,
or thatthe entrofy is an extremum),whereasvariationalprinciplescanalwaysbe constructeds

first recognizedoy Spruchandhis collaborators.As one example,a specificclaim that no vari-



ationalprinciple obtainsfor the temperaturelistribution in heattransferproblemswasshown to
be incorrectby explicit constructionof sucha principle throughthe generalprocedurd3] . This
ability to constructvariationalprinciplesfor almostary given problem,andthe factthatthe sta-
tionary aspects itself useful even when not an extremum, makes variational principlesalso of
greatinterest.

Muchof Spruchswork in the 1960swasconcernedvith demonstratinghattheKohn,Hulthen
and Schwingervariationalexpressionsvereactuallyvariationalboundsin mary contets. Since
thesearecoveredin Hahnsarticle,l will mentionhereonly two reviews [4,5] whichareconcerned
with variousvariationalboundsandthe contets in which they apply but which alsonecessarily
have muchusefulmaterialon variationalprinciples.Two itemsareparticularlynotevorthy. Oneis
theKatoidentity [6] whichbecamea powerful tool in thehandsof the Spruchgroupto derivefrom
it anexpressiorthatis anextremumprinciple. Theseconds anidentity for theinnerproduct(a, x),
wherea is aknown functionor vector andx anunknovn onedefinedthroughanequatiorKx = a,
whereK is somelinear operatoron x. Identitiesareexpressiondor exactquantities,suchasthe
(a,x) in this example which involve bothknown quantitiessuchask, a, andatrial or guessec;,
aswell asthe unknown x itself. Although,therefore only aformal expressionarecurrentheme
in Spruchs work is thatsuchidentitiesarethe startingpoint for deriving variationalor extremum
principles. In [5], thefocuswason kernelsK thatarenon-ngative so thata minimum principle
couldbeobtainedput thissameproceduravith ageneraK leadso avariationalprinciple. Indeed,
thisis the simplestrouteto the generaKohnandSchwingervariationalprinciples.

In thelate 1960s thegroupdevelopedvariationalprinciplesfor three-bodybreak-upproblems
[7] . Sincethis subjectis treatedn moredetailin thecompaniorarticle by Mik e Lieber, | merely
note herethat the first paperdevelopeda Kohn variationalprinciple for shortrangepotentials.
Sincethis requiresas input time-reversedstatesas well, one needsthe three-bodyasymptotic
wave function, generallydifficult to obtain. However, this was circumwentedby modifying the
derivationsoasto involve only the planewave partof the three-bodywave function. It wasalso
necessaryo ensurethat divergentintegralsdo not occurin the final variationalexpression.The

next papergave an alternatve, morerigorousderivation basedon the Faddeg formalism. This
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paperalsogave anadjointversionof the Kohn principle in which the operatorH — E actson the

final stateinsteadof theinitial, besidesleriving a Schwingewariationalprincipleaswell.

1. GENERAL CONSTRUCTION OF VARIATIONAL PRINCIPLES

Whenl joined Larry Spruchasa post-doctorahssociaten 1970, he wasinterestedn varia-
tional principlesfor matrix elementf operatorslt is standardgractice eventoday thatphysical
propertieof a systemwhetherin nuclear atomicor condensednatterphysics,are evaluatedby
sandwichinghe operatorof interestbetweeri'variationallyderived” wave functions. By this one
meansthat the wave function (or, one-particledensityin today’s widely useddensityfunctional
methodshasbeenobtainedthrougha Rayleigh-Ritzcalculation,giving anaccuratevaluefor the
enegy of the state. But, it is immediateandwell recognizedhatthis only ensureghatthe en-
ergy correctionis of secondrder thewave functionitself containingfirst-ordererrors.Therefore,
matrix elementf otheroperatorswill alsohavefirst-ordercorrectionsvhenevaluatedwith such
wave functions. It would be muchnicer wereoneto have a variationalprinciple for the matrix
elementitself, guaranteedo differ from the exactvalue by second-ordeerrors,whenevaluated
with trial functions.

With this asmotivation, we examinedthe few resultsthat were available on variationalprin-
ciplesfor matrix elements.A variationalprinciple for diagonalmatrix elementsof a self-adjoint
operatoWV in a stategp wasknown [8-10] asalsolimited resultson off-diagonalmatrix elements
[11] . Therewasalsoanunpublishedeportby Borowitz andGerjuoy [12] , andEd Gerjuoy was
afrequentvisitor to Spruchs groupat thattime. In examiningthesewe sav in themthe seedsf
avery generakonstructionapplicablemuchmorewidely.

The expressionfor a diagonalmatrix element,denotedby (W) = @'We, senesto male the
point. We usethe daggersignto denotethe Hermitianadjointalongwith matrix multiplicationor

integrationover relevantcoordinatesWith ¢ definedby

Ho=E@, 1)

and



¢'o=1, 2)
andanauxiliary or "adjoint” functionL definedby
(H-E)L=-Wo+(W)q, 3)
and
LTp=0, (4)
thefollowing is a variationalexpressiorfor (W):
(Whvar = @Wae +L{(H - E)a+[(H - E)a] L. (5)

With trial solutions@ andL; of Egs. (1-4), the expressionin Eq.(5) differs from the exact (W)

only in secondordertermssuchas(8g)2 and3Ld@, where
p=@—¢, oL=L;—L. (6)

With a backgroundhat hadme familiar with null Lagrangiandor derwing, for instancethe
Dirac equationor elsavherein field theory | wasstruckby the structureof Eq.(5),thattheright-
handside had a first term which we would write down naturally asthe desiredmatrix element
evaluatedwith the trial function andthe othertermswerelike "adding a zero” sincethey vanish
when@ = @. This suggestedhatquite generally whenoneseekssomequantitythatdependon
anunknowvn @, which mayevenstandcollectively for asetof functions,avariationalexpressiors
givenby writing thatquantityin termsof @ andaddingthedefiningequationdor @ suchaseqs.(1-
2) asconstraintdncorporatedhroughLagrangemultipliers. The notationL above is deliberate,
to standfor Lagrangemultipliers. Giventhe natureof the definingequationsandwhatis being
sought,thesemultipliers may take differentforms: constantsfunctionsasin Eq.(5), Greens
functions,vectors matricesgetc. Thus,startingfrom Egs.(1-2) onewritesdown Eq.(5),with L; at
thispointatrial solutionof someexactLagrangdunctionthatis notyetknown. But, alreadyatthis
point, regardlesof whatL or L; are,theexpressiorsatisfiegherequirementhatif by somelucky

circumstanceq equalsthe exact @, thenthe expressiongivesthe exact (W) beingsought.Next,
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asamatterof "construction”,whenoneis notsolucky andtherearefirst-ordererrorsasdefinedin
Eq.(6),onerequires thattheright-handsideof Eq.(5)have nofirst-orderquantitieswhich givesat
this pointthedefiningequationgor theLagrangdunctionsL. Thus,one”engineers’or constructs
avariationalprinciple.

In our first paperq13,14], we presentedhis generalschemaewith sereralillustrationsaswell
asa constructionof relatedidentities. Theseidentitiesarejust a rewrite of the equationghat set
first-orderquantitiesin d@ equalto zero. They involve the exact Lagrangefunctionswhich are,
of course,unknownn, beingoften at leastasdifficult to getasthe exact . But, aswith the Kato
identity, which is an exampleof suchidentities,they areusefulstartingpointsfor examiningthe
form of the second-ordeerror and whetherthe variational principle can be madea variational
bound. As an illustration, an identity associatedvith the variationalprinciple in Eq.(5) andto

whichit reducesuponreplacingall exactfunctionsby theirtrial valuesis [13]:

(@ o+ 0'q) (W) = W+ ¢'Wa +LT(H - E)a +[(H - E)a]'L. (7)

The generalconstructionhasthe merit that it appliesto defining equationsof a very broad
classwhetherdifferential,integral, integro-differential,linearor nonlinear Thereis norestriction
ontheform of theequationsatisfiedoy ¢. The Lagrangemultipliers satisfyin generak different
setof equationghanthosefor the original @, an”adjoint” setof equationsOnly in specialcases,
for self-adjointproblems,will the two coincide,asin the Rayleigh-Ritzproblemfor the ground
stateenegy whenW equalsthe HamiltonianH. Sincethe Lagrangemultipliers areintroduced
only linearly, theequationdor L arealwayslinear. Thisis animportantfeature andwasexplored
in applicationgo nonlinearandintegral equationsn [15-18].

An exampleof a variationalprinciple in a time-dependenproblem,besideghe one on heat
transferalreadymentioned3], waschagetransferin proton-hydrogerollisionsastreatedn the
impactparameteapproximation.A time-dependenpotentialexperiencedy the electroncauses
transitions,and Shaleshaftand Spruch[19] shoved how to make expressionghat useSturmian
basisfunctionsvariational. Seethe companionarticle by Robin Shaleshaft. Another extension

wasthe paperon variationalprinciplesandidentitiesalongwith so-calledsupenariationalprinci-
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pleswhich areengineeredo have only errorsof orderhigherthanthe second20] . This paper

alsoprovidedthe”ultimate variationalprinciplein quantumphysics”,for thewave functionitself!

IV. USE OF THE VARIATIONAL PRINCIPLES

As sketchedn theabove sectionthegeneratonstructiorof variationalprinciplesfor any well-
definedproblemin mathematicaphysicsturnedout to be simple and straightforvard. Indeed,
| recall clearly Larry’s pleasureat the simplicity of the procedure that Lagranges methodof
incorporatingthe definingequationf the systemasconstraintaffordeda variationalprocedure.
He saidthat”ingenuity shouldnotbenecessary[21], thatit is progressn physicswhenwe donot
haveto rely ontheingenuityof a Rayleighor a Schwingetbut reduceprocedureso sucharoutine
thatary oneof uscanapplythem. In [21], Larry alsomadethe point that variationalprinciples
arenot only usefulfor specificcalculationsbut alsofor establishinganalyticalresults,asindeed
Schwinger[22] did in deriving the form of the effective rangeexpansion. Seethe companion
articleby Lenny Rosenbeg on modifiedeffective rangetheories.

But therearesubtletiedn the choiceof thetrial functionswhich areinputsinto thevariational
expressions.Onceagain,the Rayleigh-Ritzprinciple is uniquein thatthe trial function canbe
choseralmostblindly”, satisfyingonly somevery broadconstraintsuchasbeingnormalizable.
However, morecareis necessaryn usinganexpressionsuchaskq.(5),particularlyin the choice
of L;. We realizedthat even the few extant variationalprinciplesfor matrix elementshad not
sufficiently appreciatedhattoo casuak choiceof L; asa solutionof Egs.(3-4)with trial functions
in placeof exactonesthroughoutcanleadto alossof the variationalprinciple. The expression
in Eqg.(5) reduceghenjust to the first term with its first-ordererrors. As he saidin his review
[21], authorshave been’caughtwith their parametersiovn”. In [23], we introducedanauxiliary
extremumprinciple for obtainingL; which requiredmodifying the Hamiltonianin Eq.(3) sothat
no singularitieswould be encounteredn invertingH — E. An alternatve, involving a sequence
of modifiedHamiltonianswasgivenin [24]. Without theseprescriptionsthe formally stationary

expressiorcannotbe usedasa variationalprinciple exceptin very limited circumstancesA short



review article[25] summarizedheabove developments.

Already, evenwithouttheadditionalextremumprinciple,anearlyapplicationof thevariational
principlefor matrix elementsvasmadein [26] to the calculationof expectationvaluesof powers
of r for atomsfrom He throughAr. The first applicationof the modified Hamiltonianwasin
[27] to diagonalmatrix elementsthe diamagneticsusceptibilityandform factorof He, calculated
with Hylleraaswave functionsastrial functions.This wasextendedn [28] to off-diagonalmatrix
elementswhenthe generalizedscillator strengthfor the excitation of the 21P stateof He was
calculated.An applicationto scatteringwasin [29] which establishedh variationalprinciple for
the scatteringengthwhenthe target wave functionis impreciselyknown (asit is in almostary
atomicphysicsproblemexceptfor the hydrogenatom!). This wastestedin a numericalexample
for scatteringof electronsaandpositronsby hydrogenassuminganapproximatedescriptionof the
hydrogenatom|[2] .

A major review article [30] on the unified constructionof variationalprinciplesgave mary
illustrations,including pedagogicabnessuchasNewton’s methodfor finding rootsof a function,
inversionof amatrix, solvingaresistometwork, etc. It alsospelledoutquestiongegardingphases
of complex quantities,time reversalinvariance,and otherswhich rendervariational principles

practicallyuseful.

V. SUMMARY

The work of Larry Spruchandhis collaboratorsover the last forty yearson the construction
anduseof variationalprinciplesin physicshasbeensummarizedandthe relevant publications

listedwith commentary
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