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Abstract

The developmentanduseof variationalprinciplesfor variousproblemsin atomic

physicsby Larry Spruchandhis collaboratorsover the last forty yearsis reviewed

anda roadmapprovidedfor theirpublications.
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I. INTRODUCTION

Variationalprinciplesareamongthemostimportanttoolsin physics.It is apowerful ideathat

onecanwrite anexpressionsoconstructedthatit improvesonaninitial guessedestimateof theso-

lution or physicalquantitybeingsought.An initial errorin theguessis reducedquadratically, thus

allowing analyticalor numericalimprovements,including iterative applicationsoasto converge

towardstheexactanswer.

The Rayleigh-Ritzprinciple for the groundstateenergy is the bestknown andmostwidely

usedof all variationalprinciples. It canbesaidsafelythata very large fractionof all theoretical

calculationsin physicsusethis principle.Thenext majorcontributionsaretheKohn,Hulthenand

Schwingervariationalprinciplesformulatedin scatteringtheory but also applicableelsewhere.

After thesemajorcontributionsof overfifty yearsago,themostsignificantcontributionshavebeen

thosemadeby Larry Spruchandhis groupwho have both providednew variationalexpressions

andclarifiedandmadesystematicthebasicsof thesubject.

Their work providesa generalmethodfor constructingvariationalprinciplesfor almostany

givenproblemin mathematicalphysics,thusremoving theneedfor ingenuityin writing down the

variationalexpression.Thiswork alsodisabusesa feelingsome(many?) hadthatonly a few, spe-

cific problemsadmitvariationalprinciples.All theknown principles,includingthoselistedabove,

canberecoveredthroughapplicationof this methodwhich is at thesametime very simpleto ap-

ply. Many new variationalexpressionshavebeendevelopedaswell, includingby otherswhohave

adoptedthe generalmethodof construction.At the sametime, Spruchhasalsoemphasizedthe

distinctionsbetweentermsoftenusedinterchangeably, suchasvariationalprinciples,variational

bounds,extremumprinciplesandnon-variationalbounds.

This brief survey confinesitself to the work on variationalprinciples. It shouldbe readin

conjunctionwith thecompanionarticleonvariationalboundsby YukapHahn.
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II. DEFINITIONS AND WORK OF THE EARLY 1960S

Spruch’s early work, startingwith a 1959paper[1] , actuallydealtwith variationalbounds

on thescatteringlengththroughtheKohnandHulthenvariationalprinciples.Sincea succession

of papersover the next half-dozenyearsdealtwith demonstratingthat theseprinciplesactually

provided boundsandunderincreasinglyless-restrictive conditions,it is useful to startwith the

distinctionthathehasalwaysemphasized.By avariationalprinciple,wemeanthattheerrorin the

final estimateis quadraticin the errorof the input functions,that is, theexpressionis stationary

with respectto departuresof the input functionsfrom their exact values. The input functions

arecalledtrial functionsandtheir departurefrom the exact valuescalledfirst-ordererrors. The

variationalexpressionitself will containonly second-andhigher-ordererrors.Equivalently, such

principlescouldbetermedstationaryprinciples,atermSpruchwouldactuallyfavor [2] , reserving

theusagevariationalonly whentheexpressionandthe functionsthereincontainparametersthat

canbe varied. However, currentusageof ”variationalprinciples” is sufficiently widespreadthat

wewill usethetermsvariationalandstationaryinterchangeably.

But we will preserve the next distinction,namelywhenonecanalsoguaranteethat the ex-

pressionis not only stationarybut thesecond-ordererror is of well definedsign. In sucha case,

we have an ”extremumprinciple” or, equivalently, a ”variationalbound”, upperor lower bound

dependingon thesign of thesecond-ordererror. TheRayleigh-Ritzresult is, therefore,actually

an extremumprinciple or a variationalupperbound,its valueboth stationaryandguaranteedto

lie above theexactgroundstateenergy. Variationalbounds,whenavailable,areof coursemuch

morepowerful than”mere” variationalprinciples,the guaranteedmonotonicconvergencefrom

onedirectiontowardstheexactanswerbeingsuperiorto possiblyoscillatoryconvergence,partic-

ularly in numericalapplicationsin a many parameterspace.But theproblemsfor which onecan

write down variationalboundsform a small subset,dependingon ”the physicsof the problem”

(for example,that thestateis thegroundstateof thesystemandthereforehasthe lowestenergy,

or that theentropy is anextremum),whereasvariationalprinciplescanalwaysbeconstructedas

first recognizedby Spruchandhis collaborators.As oneexample,a specificclaim thatno vari-
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ationalprinciple obtainsfor the temperaturedistribution in heattransferproblemswasshown to

be incorrectby explicit constructionof sucha principle throughthegeneralprocedure[3] . This

ability to constructvariationalprinciplesfor almostany givenproblem,andthe fact that thesta-

tionary aspectis itself usefuleven whennot an extremum,makesvariationalprinciplesalsoof

greatinterest.

Muchof Spruch’swork in the1960swasconcernedwith demonstratingthattheKohn,Hulthen

andSchwingervariationalexpressionswereactuallyvariationalboundsin many contexts. Since

thesearecoveredin Hahn’sarticle,I will mentionhereonly two reviews[4,5] whichareconcerned

with variousvariationalboundsandthecontexts in which they applybut which alsonecessarily

havemuchusefulmaterialonvariationalprinciples.Two itemsareparticularlynoteworthy. Oneis

theKatoidentity [6] whichbecameapowerful tool in thehandsof theSpruchgroupto derivefrom

it anexpressionthatis anextremumprinciple.Thesecondis anidentityfor theinnerproduct
�
a � x � ,

wherea is aknown functionor vector, andx anunknown onedefinedthroughanequationKx � a,

whereK is somelinearoperatoron x. Identitiesareexpressionsfor exactquantities,suchasthe
�
a � x � in this example,which involvebothknown quantitiessuchasK, a, anda trial or guessedxt ,

aswell astheunknown x itself. Although,therefore,only a formal expression,a recurrenttheme

in Spruch’s work is thatsuchidentitiesarethestartingpoint for deriving variationalor extremum

principles. In [5], the focuswason kernelsK thatarenon-negative so thata minimumprinciple

couldbeobtained,but thissameprocedurewith ageneralK leadsto avariationalprinciple.Indeed,

this is thesimplestrouteto thegeneralKohnandSchwingervariationalprinciples.

In thelate1960s,thegroupdevelopedvariationalprinciplesfor three-bodybreak-upproblems

[7] . Sincethis subjectis treatedin moredetail in thecompanionarticleby MikeLieber, I merely

noteherethat the first paperdevelopeda Kohn variationalprinciple for short rangepotentials.

Sincethis requiresas input time-reversedstatesas well, one needsthe three-bodyasymptotic

wave function, generallydifficult to obtain. However, this wascircumventedby modifying the

derivationsoasto involve only theplanewave partof thethree-bodywave function. It wasalso

necessaryto ensurethatdivergentintegralsdo not occurin the final variationalexpression.The

next papergave an alternative, morerigorousderivation basedon the Faddeev formalism. This
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paperalsogave anadjointversionof theKohnprinciple in which theoperatorH � E actson the

final stateinsteadof theinitial, besidesderiving aSchwingervariationalprincipleaswell.

III. GENERAL CONSTRUCTION OF VARIATIONAL PRINCIPLES

WhenI joined Larry Spruchasa post-doctoralassociatein 1970,hewasinterestedin varia-

tionalprinciplesfor matrixelementsof operators.It is standardpractice,eventoday, thatphysical

propertiesof a system,whetherin nuclear, atomicor condensedmatterphysics,areevaluatedby

sandwichingtheoperatorof interestbetween”variationallyderived” wave functions.By this one

meansthat the wave function (or, one-particledensityin today’s widely useddensityfunctional

methods)hasbeenobtainedthrougha Rayleigh-Ritzcalculation,giving anaccuratevaluefor the

energy of the state. But, it is immediateandwell recognizedthat this only ensuresthat the en-

ergy correctionis of secondorder, thewavefunctionitself containingfirst-ordererrors.Therefore,

matrixelementsof otheroperatorswill alsohavefirst-ordercorrectionswhenevaluatedwith such

wave functions. It would be muchnicer wereoneto have a variationalprinciple for the matrix

elementitself, guaranteedto differ from the exactvalueby second-ordererrors,whenevaluated

with trial functions.

With this asmotivation,we examinedthe few resultsthatwereavailableon variationalprin-

ciplesfor matrix elements.A variationalprinciple for diagonalmatrix elementsof a self-adjoint

operatorW in a stateφ wasknown [8–10] asalsolimited resultson off-diagonalmatrix elements

[11] . Therewasalsoanunpublishedreportby Borowitz andGerjuoy [12] , andEd Gerjuoy was

a frequentvisitor to Spruch’s groupat thattime. In examiningthese,we saw in themtheseedsof

averygeneralconstruction,applicablemuchmorewidely.

The expressionfor a diagonalmatrix element,denotedby � W �	� φ†Wφ, servesto make the

point. We usethedaggersignto denotetheHermitianadjointalongwith matrix multiplicationor

integrationover relevantcoordinates.With φ definedby

Hφ � Eφ � (1)

and
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φ†φ � 1 � (2)

andanauxiliaryor ”adjoint” functionL definedby

�
H � E � L �
� W φ ��� W � φ � (3)

and

L†φ � 0 � (4)

thefollowing is avariationalexpressionfor � W � :

� W � var � φ†
t Wφt � L†

t
�
H � E � φt ��
 � H � E � φt � †Lt � (5)

With trial solutionsφt andLt of Eqs. (1-4), the expressionin Eq.(5)differs from the exact �W �
only in secondordertermssuchas

�
δφ � 2 andδLδφ, where

δφ � φt � φ � δL � Lt � L � (6)

With a backgroundthathadmefamiliar with null Lagrangiansfor deriving, for instance,the

Dirac equationor elsewherein field theory, I wasstruckby thestructureof Eq.(5),thattheright-

handsidehada first term which we would write down naturallyas the desiredmatrix element

evaluatedwith the trial functionandtheothertermswerelike ”addinga zero” sincethey vanish

whenφt � φ. This suggestedthatquitegenerally, whenoneseekssomequantitythatdependson

anunknown φ, whichmayevenstandcollectively for asetof functions,avariationalexpressionis

givenby writing thatquantityin termsof φt andaddingthedefiningequationsfor φ suchasEqs.(1-

2) asconstraintsincorporatedthroughLagrangemultipliers. ThenotationL above is deliberate,

to standfor Lagrangemultipliers. Given the natureof the definingequationsandwhat is being

sought,thesemultipliers may take different forms: constants,functionsas in Eq.(5), Green’s

functions,vectors,matrices,etc.Thus,startingfrom Eqs.(1-2),onewritesdown Eq.(5),with Lt at

thispointatrial solutionof someexactLagrangefunctionthatis notyetknown. But,alreadyatthis

point, regardlessof whatL or Lt are,theexpressionsatisfiestherequirementthatif by somelucky

circumstance,φt equalstheexactφ, thentheexpressiongivestheexact � W � beingsought.Next,
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asamatterof ”construction”,whenoneis notsolucky andtherearefirst-ordererrorsasdefinedin

Eq.(6),onerequires thattheright-handsideof Eq.(5)havenofirst-orderquantitieswhichgivesat

thispoint thedefiningequationsfor theLagrangefunctionsL. Thus,one”engineers”or constructs

avariationalprinciple.

In our first papers[13,14],we presentedthis generalschemewith several illustrationsaswell

asa constructionof relatedidentities.Theseidentitiesarejust a rewrite of theequationsthatset

first-orderquantitiesin δφ equalto zero. They involve the exact Lagrangefunctionswhich are,

of course,unknown, beingoften at leastasdifficult to get asthe exact φ. But, aswith the Kato

identity, which is anexampleof suchidentities,they areusefulstartingpointsfor examiningthe

form of the second-ordererror andwhetherthe variationalprinciple canbe madea variational

bound. As an illustration, an identity associatedwith the variationalprinciple in Eq.(5) and to

which it reducesuponreplacingall exactfunctionsby their trial valuesis [13]:

�
φ†

t φ � φ†φt ��� W ��� φ†
t Wφ � φ†Wφt � L† � H � E � φt ��
 � H � E � φt � †L � (7)

The generalconstructionhasthe merit that it appliesto definingequationsof a very broad

class,whetherdifferential,integral, integro-differential,linearor nonlinear. Thereis norestriction

on theform of theequationssatisfiedby φ. TheLagrangemultiplierssatisfyin generaladifferent

setof equationsthanthosefor theoriginal φ, an”adjoint” setof equations.Only in specialcases,

for self-adjointproblems,will the two coincide,asin the Rayleigh-Ritzproblemfor the ground

stateenergy whenW equalsthe HamiltonianH. Sincethe Lagrangemultipliers areintroduced

only linearly, theequationsfor L arealwayslinear. This is animportantfeature,andwasexplored

in applicationsto nonlinearandintegralequationsin [15–18].

An exampleof a variationalprinciple in a time-dependentproblem,besidesthe oneon heat

transferalreadymentioned[3], waschargetransferin proton-hydrogencollisionsastreatedin the

impactparameterapproximation.A time-dependentpotentialexperiencedby theelectroncauses

transitions,andShakeshaftandSpruch[19] showedhow to make expressionsthatuseSturmian

basisfunctionsvariational. Seethe companionarticle by Robin Shakeshaft. Anotherextension

wasthepaperon variationalprinciplesandidentitiesalongwith so-calledsupervariationalprinci-
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pleswhich areengineeredto have only errorsof orderhigherthanthe second[20] . This paper

alsoprovidedthe”ultimatevariationalprinciplein quantumphysics”,for thewavefunctionitself!

IV. USE OF THE VARIATIONAL PRINCIPLES

Assketchedin theabovesection,thegeneralconstructionof variationalprinciplesfor any well-

definedproblemin mathematicalphysicsturnedout to be simpleandstraightforward. Indeed,

I recall clearly Larry’s pleasureat the simplicity of the procedure,that Lagrange’s methodof

incorporatingthedefiningequationsof thesystemasconstraintsaffordedavariationalprocedure.

Hesaidthat”ingenuityshouldnotbenecessary”[21], thatit is progressin physicswhenwedonot

haveto rely on theingenuityof aRayleighor aSchwingerbut reduceproceduresto sucharoutine

thatany oneof uscanapply them. In [21], Larry alsomadethepoint that variationalprinciples

arenot only usefulfor specificcalculationsbut alsofor establishinganalyticalresults,asindeed

Schwinger[22] did in deriving the form of the effective rangeexpansion. Seethe companion

articleby Lenny Rosenberg onmodifiedeffective rangetheories.

But therearesubtletiesin thechoiceof thetrial functionswhichareinputsinto thevariational

expressions.Onceagain,the Rayleigh-Ritzprinciple is uniquein that the trial function canbe

chosen”almostblindly”, satisfyingonly someverybroadconstraintssuchasbeingnormalizable.

However, morecareis necessaryin usinganexpressionsuchasEq.(5),particularlyin thechoice

of Lt . We realizedthat even the few extant variationalprinciplesfor matrix elementshad not

sufficiently appreciatedthattoocasualachoiceof Lt asasolutionof Eqs.(3-4)with trial functions

in placeof exact onesthroughoutcanleadto a lossof the variationalprinciple. The expression

in Eq.(5) reducesthen just to the first term with its first-ordererrors. As he said in his review

[21], authorshavebeen”caughtwith their parametersdown”. In [23], we introducedanauxiliary

extremumprinciple for obtainingLt which requiredmodifying theHamiltonianin Eq.(3)so that

no singularitieswould be encounteredin inverting H � E. An alternative, involving a sequence

of modifiedHamiltonians,wasgivenin [24]. Without theseprescriptions,theformally stationary

expressioncannotbeusedasavariationalprincipleexceptin very limited circumstances.A short
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review article[25] summarizedtheabovedevelopments.

Already, evenwithouttheadditionalextremumprinciple,anearlyapplicationof thevariational

principlefor matrix elementswasmadein [26] to thecalculationof expectationvaluesof powers

of r for atomsfrom He throughAr. The first applicationof the modified Hamiltonianwas in

[27] to diagonalmatrixelements,thediamagneticsusceptibilityandform factorof He,calculated

with Hylleraaswave functionsastrial functions.Thiswasextendedin [28] to off-diagonalmatrix

elementswhenthe generalizedoscillatorstrengthfor the excitation of the 21P stateof He was

calculated.An applicationto scatteringwasin [29] which establisheda variationalprinciple for

the scatteringlengthwhenthe target wave function is impreciselyknown (asit is in almostany

atomicphysicsproblemexceptfor thehydrogenatom!). This wastestedin a numericalexample

for scatteringof electronsandpositronsby hydrogen,assuminganapproximatedescriptionof the

hydrogenatom[2] .

A major review article [30] on the unified constructionof variationalprinciplesgave many

illustrations,includingpedagogicalonessuchasNewton’smethodfor finding rootsof a function,

inversionof amatrix,solvingaresistornetwork, etc.It alsospelledoutquestionsregardingphases

of complex quantities,time reversal invariance,and otherswhich rendervariationalprinciples

practicallyuseful.

V. SUMMARY

The work of Larry Spruchandhis collaboratorsover the last forty yearson the construction

anduseof variationalprinciplesin physicshasbeensummarizedand the relevant publications

listedwith commentary.
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