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READ INSTRUCTIONS CAREFULLY

. ANSWER ALL OF THE PROBLEMS.

_ You have 3 hours to complete the examination.

. Use a separate answer booklet for each problem. On the front cover of each booklet write
the problem number and your own identification number.

. Show ALL your work.



Problem I (29 pts)

A bead of mass . moves without friction on a straight wire inclined at an angle of 45° to the
vertical, as shown in the figure. An electric motor maintains an angular velocity of w{t) about
the vertical axis, independent of the state of the bead. Gravity acts downward with acceleration

ag.

45°

w(#)

I

3

(a) (7 pts) How many degrees of freedomn does the system have? Choose an appropriate gen-
eralized coordinate system for the configuration space. The lower endpoint of the wire (point
of attachment to the axle) should be chosen as the origin. Write down the Lagrangian for the
motion of the bead.

(b) (7 pts) Make a change of variables and obtain the Hamiltonian for the motion of the bead. Is
the Hamiltonian conserved? Explain. Is the Hamiltonian the total energy of the bead? Explain.

(c) (5 pts) Determine all fixed points of the bead in the chosen coordinate system. In each case
indicate whether the fixed poini is stable, unstable , or neutral. ,

(d) {10 pts) For constant w, sketch the phase portrait, showing phase-space orbits which , for
different initial conditions,

(A) remain fixed at a certain distance from the origin,

(B) start near the origin, move outward toward an equilibrium point, then return to the origin,
(C) start near the origin, move outward to infinity,

(D) start far from the origin, move inward, and eventually reach the origin,

() start far from the origin, move inward with decreasing speed, approaching, but never
reaching the fixed point.

In your phase portrait, label each type of orbit with the relevant letter (AB,.....).



Problem II (29 pts)

A perturbed harmonic oscillator has the Hamiltonian
1 2 2 2 2
H(g,p) = 5" +w'q) +egp.

(a) (14 pts) Find a canonical change of variables from (g, p} to (@, P) such that

1
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Suggestion: guess the answer and verify the required Poisson bracket relations, or else derive
the answer using a generating function.

(b) (5 pts) What is the new Hamiltonian, K(@Q,P)7

(c) (10 pts) Find a new canonical transformation, from (Q, P) to {@, P), such that the trans-
formed Hamiltonian takes the form '

K(Q,P) = Ko(P) + O(e).

This should be a perturbative calculation: at each step it is necessary to keep only terms up to
first order in <.

Problem III (8 pts)

Consider a dynamical system with Hamiltonian H(z,y, Dz, Py)- Suppose that in a region § of
phase space, there exists a polynomial function K(z,y, pa, py) such that H and K are function-
ally independent and have vanishing Poisson bracket with one another. Let My, be a surface
on which H and K assume the fixed values h and k, respectively. Suppose that each such
surface is compact {closed and bounded).

(a) (3 pts) What is the topological structure of each surface My 7 (This is a consequence of
the Liouville-Arnol'd theorem.)

(b) (3 pts) If a canonical transformation to action-angle variables (6;, 62, J1, J2) is made on &,
what is the form of the new Hamiltonian K (61,6, Ji1, J2)7

(c) (2 pts) What is the time-dependence of the angle variables, assuming that K has been
determined?



Some possibly useful formulas for Problems IV and V may be found at the end of
the examination.

Problem IV (17 pts)

Stress in a pressurized cylindrical pipe. A solid cylindrical shell of inner radius Ry
and outer radius R, thickness Ry-Ry, contains a gas at pressure P. The pressure outside is
zero. Assume that the cylinder is capped in such a way that the strain along z is zero.
Calculate the stress and strain profile €.8. O, Oz, Ogs-

Pcau’tsiem 2

Problem V (17 pts)

Electro-osmosis, Electrophoresis. A long cylinder, radius d, contains a viscous
charged fluid with viscosity nj and constant charge density p,= 2(0.)a/(d*-a). At the
center of the cylinder is a long thin rod of radius a with surface charge o, so that the
entire system is charge neutral. The outer cylinder is fixed and does not move. An electric
field, E,, is applied axially throughout the cylinder.

a) Assuming low Reynolds number find the velocity in the fluid, v;(r). (10 pts.)

b) Find the velocity of the thin charged rod. (3 ps.)

¢) Find the stresses on the surfaces of the outer cylinder and the charged rod. (4 pts. )

Radius a Vz

Charge density

2 2
ps=-20al(d -a )
in fluid

Surface charge/ ]
. /
density o. -

on rod
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u = ER2(1+0), K = Ef3{1-20). (5.9

We shall write out here the general formulae of §4, with the coefficients
expressed in terms of E and ¢. The frec energy is
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The stress tensor 1s given in terms of the strain tensor by
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These equations can be conveniently rewritien in vector notation. The
quantitics F%us/0x;? are components of the vector A, and fufdn = divu
Thus the equations of equilibrium become
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It is sometimes useful to transformn this equation by using the vector identity

grad diva = pu+eusd curl 1. Then {7.2) becomes
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The three components of the Navier-Stokes equation and the equation of
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Electromagnetism (Prelim, 3 hours)

PROBLEMS:

1. A E = 10%eV proton (a cosmic ray) collides with a photon of energy € at 90°. Calculate
the threshold energy € for the neutral pion production, p -+ -~ p + 70, (my, = 938MeV, m,=135
MeV.)

2. An electric dipole d is at a distance r {rom the surface of an infinite plane conductor. The
dipole moment is perpendicular to the surface. Calculate the force F.

3. A parallel plate capacitor has the capacitance Co when the space between the plates is
vacuum. One inserts two plane-parallel dielectric layers into the capacitor. The layers are of equal
thickness, and they fill all the space between the plates of the capacitor. The permittivities of the
layers are €3 and €z. Caleulate the new capacitance C.

4. There is a charge @) and a dipole d. The radius vector from the charge to the dipole is r.
Calculate the force F on the dipole.

5. The resistivity of aluminum is p; = 2.7 X 1078Q-m, of copper ~—— pa = 1.7 x 107 8Q-m.
There is a straight wire of uniform cross section, which carries a current ] = 10A. The left part
of the wire is made of aluminum, the right part is made of copper. Calculate the charge ¢ which
must it at the contact surface due to this current. Give your numerical answer as Q/e, where e is
the charge of electron. (For numerical answer you might need: e = 1.6 x 1071°C = 4.8 x 107 0cgs,
Q = V/A, V = 1/300cgs, A = 3 x 10%cgs, €¢ = 8.85 x 1071202 /N/m?. ).

6. An ultra-relativistic charged particie (mass m, charge e, Lorentz factor v 3 1) is moving
in the equatorial plane of a heavy (not moving) magnetic dipole . The impact parameter b is
so large, that the particle is only slightly deflected when it passes near the dipole. Estimate the
deflection angle x.

= A nonrelativistic charged particle (mass m, charge €, velocity v) is moving in the equatorial
plane of a heavy magnetic dipole p. The impact parameter b is so large, that the particle is only
slightly deflected when it passes by the dipole. Estimate the radiated energy E.

& Estimate the radiated energy E for the head on collision of 2 proton and an alpha particle.
Charge ~ €, mass ~ m, collision velocity ~ v.

9. A flat piece of aluminum foil of small thickness § and of area A is at a distance R 3> VA
from a point charge @. The foil surface is perpendicular to the foil-charge radius vector. Calculate
the force on the foil F.



Quantum Mechanics 1 Preliminary Exam Fall 2007
Wednesday August 29, 2007, 2:00 pm

Closed book. In many instances you can do later parts of a problem without doing all
the preceding parts, so if one part of a problem seems non-obvious or looks long, consider
skipping on and returning to it later. Do read the problems very carefully! Also, make your
reasoning clear. All problems carry equal weight.

1eV =1.6x 1071 .
e=16x10""C
F=10"*"Js

me = 9 x 103 Kg= 0.5 MeV/c?

Some “hydrogen-like” radial wavefunctions, Ry

T

Rulry=2(£) e ®

4
Em 136V

Ground state energy of Hydrogen: E, = TR

Spherical harmonics and Clebsch Gordan coefficients are attached.



Problem 1: In a three-dimensional vector space, an observable A is represented by the
following matrix:

A= (1)

[l e ]
jon BN am I S
pud D

a) What are the possible outcomes of an ideal (projective) measurement of the observable
A?

b) Find the probabilities of each of these possible measurement outcomes if A is measured
on a system prepared in the state

Ui)zmﬁ (1) : 2)

¢) For each of the possible measurement outcomes, find the final state of the system.
d) If, instead of Eq. (2), the system were prepared in the state defined by the density operator

100

p==10 0 07}, {3)
001

what would be the resulting state after each measurement outcome?

e) Are the states found in part {d) the same as those found in part (¢)? Explain.

Problem 2:

a) Consider a potential given by
2

Viz) = 2 (), (4)

2m
for positive ¢. Find the bound state wavefunctions and energies for this potential. How
many bound states are there?

b) Now consider the potential
he
Vi{z) :w%c[é(x—%a)-{—ﬁ(zma)] (5)

How many possible bound states are there for this potential? Estimate (or calculate exactly)
how the number of bound states depends on the parameters of the potential (¢ and a)?

¢) Make a sketch of all the possible bound states, and indicate which state has the lowest
energy.



Problem 3: Consider two non-identical particles of mass m and spin 1/2. They interact
only through the potential

9. =
= ’T"Ul * 0z, (6)
where 7 is the distance between the two particles, g > 0, and &; are the Pauli spin matrices

which operate on the spin of particle j. Express the potential V' in terms of the total spin
§ = & + 5, and find the energies of all the bound states.

Problem 4: The following Hydrogen atom matrix elements either vanish due to a selection
rule, can be easily evaluated exactly using basic facts you should know, or can be estimated.
Give your best estimate for each and ezplain how you arrived at i. (Of course all cases can
be evaluated by integrating over the wavefunctions with the appropriate weight, but that is
not expected here, )

a) (1s|R*1s)

b) (2s/L7(2p)

¢) {2s]3-129)

d) (2s|Z{2p,m = 0); the angular momentum quantization axis is +Z and Z is the z-
component of the position operator.

Problem 5: Consider a simple harmonic oscillator with natural frequency w in initial state
W) = =0+ 1) 7

where states |n} are defined by N |n) = n|n), with N = aa, and o' and @ are the harmonic

oscillator raising and lowering operators.

a) Write down an expression for [1(1)).

b) What is the expectation value for the energy of this state?

¢) Find the time dependence of the expectation value of ¢ = (a + a™)/v/2, where g is the
unitless position operator.
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Figure 34.1: The sign convention is that of Wigner (Greup Theery, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953}, Rose {Elementary Theory of Angular Momentum, Wiley, New York, 1957},
anct Cohen { Tables of the Clebseh-Gordan Coefficients, North Amertcan Rockwell Science Center, Thousand Oaks, Califl, 1974). The coefficients
here have baen caleulated using computer programs written independently by Cohen and at LBNL.



Quantum Mechanics 11 Preliminary Exam Spring 2007

Glennys Farrar and Tycho Sleator

Date and time of exam

Read the problems very carefully! Explain all steps and make your reasoning clear. In some
instances you can do later parts of a problem without doing all the preceding parts, so if one
part of a problem seems non-obvious or looks long, consider skipping on and returning to it
later.

Problem 1: A particle of charge e and mass m is confined to move on the circumnference of a
circle of radius r. The only term in the Hamiltonian is the kinetic energy, so the eigenfunction
and eigenvalues are

1 .
} . ing
'if)ﬂ ((i.’)) \/5;}’76
W2 n?
E, =
2mr?

where ¢ is the angle around the circle. An electric field E is imposed in the plane of the
circle.

(a) Find the perturbed energy levels up to O(E}®).
(b) Describe qualitatively the probability distribution as a function of angle for the perturbed
and unperturbed states in the different energy levels.

Problem 2: (a) For a system of two separated spin 1/2 particles prepared in a singlet state
1
V2

find the correlation function C(a, IA;)AE {{dy-a)(dz- b)) for the state |1} as a function of the
angle 8 between unit vectors @ and b.

) = —= (| Dl D2 — 1Dl D2 (1)

(b) What are the assumptions underlying the Bell inequality

\C(a,b) ~ C(a, )} + |C(@&, b)) + C@,b) < 2. (2)

(¢) Show that the correlation function C{a,b) applied to the state |i) violates the Bell
inequality, Eq. (2) for appropriate choices of &, &, b, and . What are the orientations of a,
@', b, and b that do this?

Problem 2b:

In Mermin’s 3-particle version of “Bell’s inequality without inequalities”, three particles are
prepared in a entangled spin state

1 N
) = 75 (1T = 11D (3)



where o] 1) = | 1) and 03| |) = ~| 1). Each of the three particles is sent to one of
three observers. Each observer then measures either o, or oy. In what follows, oi; and oy
s Yig iy

represent measurements by the ¢'th observer on the 7'th particle of o, and oy, respectively

a) Show that ) is an eigenstate of both 61:02:032 and 0102403, What are the eigenvalues?
b) Based on your results of part a), what is the EPR (Einstein, Podolsky, Rosen) type
argument that leads one to define “elements of reality” in this situation, and what are these
“elements of reality”? |

?) What are the fassumptions being made about these elements of reality that lead to an
incompatibility with the predictions of quantum mechanics?

Problem 3:The strong interactions of nucleons and mesons are described by a Hamiltonian
which is invariant under isospin rotations and conserves charge. The proton and neutron form

an isospin doublet (proton having I, = +3 and neutron having I, = —3). There are three
pions (also called pi-mesons) which form an isospin triplet nt, 7%, 7~ having I,=+1, 0,~1
respectively.

When a pion and & nucleon collide at certain energies, a resonance can be formed. Resonances
are short lived states which have fairly well-defined masses; they are unstable and decay, in
this case mostly to a nucleon and pion.

a) It is observed that a particular resonance decays 2/3 of the time to 7% n and 1/3 of the
time to 7~ p. What is the value of |1, I.) of this resonance’

b} The resonance in part a) is a member of a multiplet. How many other members does this
multiplet have?

¢) What are the charges of this and the other members of the multiplet?
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Figure 34.1: The sign convention is that of Wigner { Group Theory, Academic Press, New York, 1959, also used by Condon and Shortley { The
Theory of Atomic Spectra, Cambridge Univ, Press, New York, 1853), Rose {Elementary Theory of Anguler Momentum, Wiley, New York, 1957),
and Cohen { Tubles of the Clebsch-Gordan Coefficients. North American Rockwell Science Center, Thousend Oeks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Coben and at LBNL.



STATISTICAL PHYSICS
(PRELIM.)

1. The fluid has a slab geometry and can be compressed along x keeping the constant cross section
S. Considering the adiabatic process of compressions and rarefactions, show that the velocity of
sound propagation

u? = ypo/po
where p is equilibrium pressure and po 18 equilibrium density of the fluid and y is adiabatic
constant.

(2 points)

2. The free expansion of a gas is a process where the total mean energy E remains constant. Find
(8T/0V) g and calculate the temperature change AT = Ty — T in a free expansion of a van der
Waals gas assuming cy (o be temperature independent.

(3 points)



3. A very sensitive spring balance consists of a quartz spring suspended from a fixed support. The
spring constant is &, i.¢., the restoring force of the spring is —ax if the spring is stretched by an
amount x. The balance is at a temperature T in a location where the acceleration due to gravity
is g
(a) If a very small object of mass M is suspended from the spring, what is the mean resultant
elongation x of the spring?

(b) What is the magnitude (x - %)? of the thermal fluctuations of the object about its
equilibrium position?

{¢} It becomes impracti?abie to measure the mass of an object when the fluctuations are so
large that [(x — %)*]7 —x. What is the minimum mass Mwhich can be measured with this
balance?

(2 points)

4. Photons are contained in a cubical box with sides L at equilibrium state of temperature T. Write
the distribution of photons with respect to their energy and expression for the pressure of
photons (radiation pressure). How does this expression differ for non-relativistic free particles in
a cubical box?

(3 points)



§. Derive the expression for entropy § of the system of Bose-Einstein and Fermi-Dirac particles
using the distributions 7 for the number of particies at the state with energy €5 and the partition
function z

nZ=aN% Y In(1ze )
5

Explain the origin of this partition function. What is a?
(2 points)

6. For degenerate ideal Fermi gas and Bose gas find the fluctuation of the number of particles at
the state k. ((Ang)?), within a fairly small volume. Apply the result to obtain the fluctuation of
the energy AEa, of the photons energy E . Within small frequency interval Aw near the w;.
Assume the photons are from the black body radiation.

{3 points)



