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Dense Packing and Symmetry in
Small Clusters of Microspheres
Vinothan N. Manoharan,1 Mark T. Elsesser,1 David J. Pine1,2*
When small numbers of colloidal microspheres are attached to the surfaces of liquid
emulsion droplets, removing ﬂuid from the droplets leads to packings of spheres
that minimize the second moment of the mass distribution. The structures of the
packings range from sphere doublets, triangles, and tetrahedra to exotic polyhedra
not found in inﬁnite lattice packings, molecules, or minimum–potential energy
clusters. The emulsion system presents a route to produce new colloidal structures
and a means to study how different physical constraints affect symmetry in small
parcels of matter.
What defines an optimal packing of a set of n
identical spheres? Although centuries old,
this question remains both pertinent and pervasive in mathematics and science (1). For
packings of an infinite number of spheres, the
obvious measure of optimality is the bulk
density. As Kepler conjectured and Hales
proved (2, 3), the optimal infinite packing is
the face-centered cubic (fcc) arrangement,
which maximizes the density or, equivalently, minimizes the volume per sphere. But for
a finite group of spheres there is no compelling definition of density, and optimality in
1
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finite sphere packings can be defined by the
minimization of any physically reasonable
variable, such as potential energy or surface
area, for example. Different minimization criteria can lead to dramatically different sequences of packings (4), with symmetries
that are rarely consistent with that of an
infinite (bulk) packing.
In nature, differences in symmetry between finite and bulk packings manifest
themselves in a variety of phenomena. The
interactions between atoms or particles in
many systems, including metals, noble gases,
and colloids, are nearly spherically isotropic,
and the equilibrium structures at high density
are fcc, a consequence of Kepler’s conjecture. But finite packings of such particles, as
found in isolated clusters, complexes, or local
arrangements of bulk phases, frequently
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adopt point symmetries that are inconsistent
with fcc order. For example, local polytetrahedral packings with fivefold symmetry are
energetically favored in undercooled metallic
liquids (5–7). The incompatibility of these
packings with long-range order inhibits crystal nucleation and induces the formation of
metastable phases (7). Similar arguments involving conflicting optimal packing criteria
at the local and bulk scales are central to
theories of glass formation (8) and jamming
(9, 10). A better understanding of how finite
groups of spheres organize themselves may
therefore help us decipher and control the
structure of matter at many different length
scales. To this end, a primary scientific challenge is to determine the minimization principle that governs the shapes of finite packings for a given set of physical constraints.
We show that under a compressive force,
small numbers (n ⫽ 2 to 15) of hard spheres
pack into distinct and identical polyhedra for
each value of n. These configurations (clusters)
are related to a fundamental minimization principle that was only recently discovered within
the mathematics literature (11). The clusters are
formed in a three-phase colloidal system consisting of evaporating oil droplets suspended in
water, with n micrometer-sized polymer spheres
(microspheres) attached to the droplet surfaces.
In this system, capillary forces provide a compressive force that is spherically symmetric until
packing constraints break the symmetry. A key
feature of our approach is that for a given value
of n, the packing process is reproducible and can
be examined dynamically. In addition, we are
able to isolate clusters of a given n in macroscopic quantities, thus providing a new class of
nonspherical colloidal particles with which dif-

ferent packing and crystallization motifs can
be studied.
Packing process. The principal components of our packings are equal-sized, crosslinked polystyrene microspheres, 844 nm in
diameter [2.5% polydispersity (12)], with sulfate groups covalently bonded to the surface
(13). In pure water, the sulfate groups dissociate, charging the surfaces of the spheres and
preventing van der Waals attractions from
bringing them together. In an organic solvent
such as toluene, which is a good solvent for
polystyrene, the dissociation of sulfate
groups is limited, but the van der Waals
forces between the particles are much smaller
than in water (14). The particles swell with
the solvent and interact only through a shortranged steric (entropic) repulsion. To a good
approximation, they act as hard spheres (15).
To pack these spheres together, we use a
system that contains both liquids (13). We disperse the spheres in toluene (Fig. 1A), add water, and mix to create an oil-in-water emulsion
consisting of small droplets of toluene ranging
from 1 to 10 m in diameter (Fig. 1B). The
particles are strongly bound to the droplet interfaces by surface tension (16). We preferentially
evaporate the toluene from the system, forcing
the hard-sphere–like particles in each droplet to
pack together (Fig. 1C). As Fig. 1D shows, the
critical feature of the evaporation process is a
mechanically stable intermediate stage called a
spherical packing, formed when the particles
touch one another on the surface of the droplet.
Removing more oil at this stage causes the
droplet to deform, generating capillary forces
that ultimately lead to a rapid (⬍33 ms) rearrangement of the particles. When the last of the
toluene evaporates, the particles deswell, at

Fig. 1. Optical micrographs and diagrams (insets) of the packing process.
(A) Polymer particles swollen and dispersed in toluene (shown in blue).
(B) Emulsion of toluene droplets with particles, still swollen, bound to the
interfaces. (C) Clusters after toluene evaporation. These are stabilized
against further aggregation by the dissociation of charged groups on the
surfaces of the particles. (D) A time series of micrographs taken during
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which point the interparticle van der Waals attractions increase and the particles stick to one
another, forming a small colloidal aggregate.
Capillary forces thus pack the particles into their
final configuration while they act as hard
spheres, and van der Waals forces subsequently
cement the spheres together. A side effect of this
packing method is that the surfaces of the particles on the outside of the cluster are exposed to
water at an earlier stage of evaporation. The
dissociation of surface charges on these outer
particles prevents the cluster as a whole from
aggregating with other clusters.
Geometry of microsphere packings. After all the toluene has evaporated, we are left
with a suspension of clusters of different sizes.
Each cluster comes from a single droplet containing n spheres, but n varies from cluster to
cluster because the initial droplets are not uniform in size. Centrifugation in a density gradient (13) allows us to separate the clusters on the
basis of differences in sedimentation velocity,
or average hydrodynamic radius (17). Although
all of our microspheres have the same mass, the
effective surface area and the sedimentation
velocity of a cluster of these particles vary
greatly with their configuration. The separation
yields a set of sharp, well-separated bands (Fig.
2), showing that only specific configurations
emerge from our packing process.
In fact, the separation reveals a remarkable result: Clusters of a given n are all
identical, as determined by extracting the
bands from the density gradient (insets, Fig.
2) and examining the clusters with the optical
microscope. The structures of the clusters are
shown in Fig. 3. If we treat the center of each
sphere as a vertex of a polyhedron, the first
few observed configurations are the line seg-

evaporation of the toluene, showing the evolution of the system between (B) and (C). Particles freely diffuse about the surface of the droplet
until, as more toluene evaporates, they touch one another, forming a
spherical packing (blue arrowhead). Deformation of the interface then
leads to a rapid rearrangement (orange arrowhead) to a cluster. The ﬁnal
conﬁguration of this seven-sphere cluster is also shown in Fig. 3.
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ment (n ⫽ 2), triangle (n ⫽ 3), tetrahedron
(n ⫽ 4), triangular dipyramid (n ⫽ 5), and
octahedron (n ⫽ 6). These familiar structures
occur in many common molecules or coordination complexes. For example, these are the
packings of fluorine atoms in diatomic fluorine, boron trifluoride, carbon tetrafluoride,
phosphorus pentafluoride, and sulfur hexafluoride, respectively. The polyhedra are also
subelements (local packings) of the fcc lattice
or its stacking variants.
The larger clusters are an unusual and
perhaps unfamiliar set of packings. None of
these can be decomposed into combinations
of regular tetrahedra and octahedra, and
thus none is found in close-packed lattices.
Clusters containing 7 to 10 particles are
members of a set of highly symmetric polyhedra known as convex deltahedra (18),
some of which belong to noncrystallo-

Fig. 2. Photograph of a test tube containing a
cluster suspension separated by centrifugation
in a density gradient (left). Fourteen distinct
bands, each representing a region of high concentration of clusters, are visible in the tube,
showing that the cluster formation process
leads to speciﬁc, well-deﬁned conﬁgurations of
particles. The number and sharpness of the
bands starkly contrast with those of fractally
aggregated clusters (30), where increasing
conﬁgurational variations prevent banding
for n ⬎ 3. Each band shown contains clusters
of the same n, with n ⫽ 1 at the top (see
electron micrographs at right). Each of the
upper bands contains between 108 and 1010
identical colloidally stable clusters, making
the separation process a useful method for
preparing macroscopic suspensions of particles with various shapes.

graphic point groups (see classifications in
Fig. 3) such as D5h (fivefold symmetry, n ⫽
7) and D4d (n ⫽ 10). Bernal (19) observed
that these polyhedra cannot fill space, and
proposed that they might represent local
packings of atoms in liquid phases. Deltahedral geometry also occurs in certain boron hydride molecules (20), but this is a
result of the trivalent bonding of boron
rather than of a sphere-packing process.
Compared to the deltahedral packings, the
11-sphere cluster is particularly striking, as
it is the lowest-n cluster that is not convex.
It belongs to the low-symmetry point group Cs.
Atoms interacting through a spherically
symmetric Lennard-Jones potential form
clusters similar to ours up to n ⫽ 7 (21), but
for n ⬎ 7 Lennard-Jones clusters minimize
energy by maximizing the number of contacts
between particles, which leads to polytetrahedral packings. Although our seven-sphere
cluster can be viewed as an aggregate of five
distorted tetrahedra (22), the other clusters
are not polytetrahedral, and they generally
have higher symmetry than the LennardJones packings. Overall, the sequence of
sphere packings we obtain is distinct from
others observed in matter.
The unique structures of the packings for
each n suggest that they are optimal arrangements in the context of some minimization
principle. The simplest candidate for minimization is the potential energy. In our system,
though, the only attractive interactions are the
van der Waals forces that bind the particles
together. These short-ranged interactions are
insignificant compared to the thermal energy
when the distance between the sphere surfaces is greater than about 50 nm, given a Hamaker constant of 10–20 J for the polystyrenewater-polystyrene system (23). Thus, if van
der Waals forces were responsible for the
clustering, we would expect the clusters to
adopt the structures of Lennard-Jones clusters. They do not, implying that our packings
are not a result of attractive forces.
The clusters do not minimize their volume
either, at least not for any simple definition of
volume. Minimizing the volume of the convex hull of a set of spheres leads to a sequence of clusters known as sausage packings, or linear arrangements of spheres for
n ⬍ 56 (24, 25). Minimizing the volume of
the smallest spherical hull that encapsulates
the particles leads to a different set of packings as well (26).
Because attractions do not cause the clustering and because density cannot be precisely defined for our packings, we examine the
next simplest quantity to minimize: the second moment of the mass distribution
M 2 ⫽ 兺 ni ⫽1 ⱍri ⫺ r0ⱍ2, where ri is the center
coordinate of the ith sphere and r0 is the
center of mass of the cluster. Minimizing the
second moment is perhaps the most conve-

nient way to define density without resorting
to artificial definitions of cluster volume. Using global optimization techniques, Sloane et
al. (11) have calculated the packings that
minimize M2 (minimal-moment packings),
obtaining a sequence of clusters with unique
configurations for each n. These theoretical
configurations exactly correspond to those of
our packings (Fig. 3A). Although the minimization principle is quite fundamental, we
know of no observations of this type of packing in nature.
Relation between cluster packings and
spherical packings. In analyzing the mechanism by which the minimal-moment clusters
form, we find that the essential element is the
spherical packing: the shell of particles on the
surface of the droplet that causes the interface
to deform (stage three in Fig. 1D). After the
spherical packing forms, Brownian motion
no longer plays a role in the development of
the cluster, because capillary and contact
forces now move the particles. The final cluster configurations are thus determined solely
by the positions of particles in the spherical
packing. At this stage, there is a well-defined
density: the number of particles per unit of
surface area. We believe each n-sphere cluster is identical because each n-particle droplet
system must proceed through a spherical
packing that maximizes this density. Our
clusters may therefore represent collapsed
states of optimal spherical packings. In this
scenario, the second moment of the mass
distribution is a reasonable quantity to minimize, because the capillary forces acting on
the particles in the spherical packing are directed toward the center of the droplet.
The configurations of clusters with n ⬎ 11
support the notion of clusters as collapsed
optimal spherical packings. The higher-order
clusters are not minimal-moment clusters
(Fig. 3B), although for n ⫽ 12 and n ⫽ 13
they differ only in the positions of one or two
spheres. Our 12-sphere cluster is a pure icosahedron, a configuration that is known to
have optimal spherical packing (27). Symmetry appears to prevent rearrangement in this
case, because all sphere positions are indistinguishable, so there is no weak spot to
initiate the collapse. However, when we dry
suspensions of icosahedra completely, we do
observe minimal-moment structures, likely
because the higher surface tension of airwater interfaces, compared to that of toluenewater interfaces, leads to much greater capillary forces.
The spherical packings for 13 spheres and
more do rearrange after oil evaporation, but
they do not minimize the second moment.
Compared to the lower-order clusters, a critical difference is that the minimal-moment
structures contain an internal sphere, or a
sphere coordinated fully by 12 others. In our
system, the particles in the spherical packing
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Fig. 3. Cluster conﬁgurations at
each n, as determined by optical
and electron microscopy. Some
shrinkage and deformation of the
spheres occur during drying and exposure to the electron beam, but
the conﬁgurations of particles remain the same as those observed in
situ optically. (A) Left columns
show electron micrographs of the
clusters. All clusters of a given n
have identical structures. Right columns illustrate the polyhedra
formed by drawing lines from the
center of each particle to its neighbors. Below are the names of the
polyhedra [from (18)] and Schönﬂies point groups. Middle columns
show computer renderings of
sphere conﬁgurations that minimize the second moment of the
mass distribution (11), which
match our packings. Not shown are
the line segment (n ⫽ 2, D⬁h) and
the triangle (n ⫽ 3, D3h). (B) Clusters with n ⬎ 11 differ increasingly from minimal second moment
structures. We observe some small
variations in the packing from cluster to cluster for n ⬎ 12.

are bound to a continuous and smooth surface, the droplet interface, and there does not
appear to be a route to an internal sphere
upon collapse. The second moment does,
however, decrease in the rearrangement, and
the configurations we observe are consistent
at each n, albeit with many more small variations in the packing than at lower n. Minimization of higher-order moments, defined
by M k ⫽ 兺 ni ⫽1 ⱍri ⫺ r0ⱍk, where k is any integer greater than 2, does not account for the
n ⬎ 12 configurations. For these cases, Mk (at
least up to k ⫽ 7) is smaller for the minimal
second moment packings than for the packings we observe. For n ⱕ 12, minimization of
higher moments appears to favor structures
that are more isotropic, so that a spherical
packing of eight spheres has a lower M3 than
our eight-sphere cluster, and a spherical packing of 11 spheres has a lower M4 than our
11-sphere cluster. The second moment thus
remains the most appropriate measure of density. Minimization of the second moment
subject to a constraint (for example, that no
internal spheres may exist) might account for
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all the cluster configurations we observe. In
any case, the configurations for n ⬎ 11 are an
even more unusual set of packings, with a
notable lack of symmetry for the 13- and
14-sphere clusters, both of which are chiral,
and high symmetry for the 12-sphere (Ih point
group) and 15-sphere (D3h) clusters.
Colloidal dispersions of clusters. From
a technological perspective, the salient feature of our process is that it consistently
yields a specific set of structures with unique
and interesting symmetries. We can exploit
this feature using the separation procedure we
describe above. In the density gradient tube
shown in Fig. 2, there are billions (108 to
1010, or 0.1 to 10 mg) of each type of cluster.
Thus, by separating the bands, we can produce entire colloidal dispersions of sphere
doublets, tetrahedra, or any of the larger,
more exotic polyhedra in macroscopic quantities. These dispersions remain stable indefinitely, with no cluster breakup or intercluster
aggregation. Static light-scattering measurements on dilute cluster suspensions show excellent agreement with rigorous calculations

of scattering from idealized sphere packings
of the same symmetries (Fig. 4), indicating
that each cluster fraction is stable and well
separated. There are other methods for making colloidal clusters (28, 29), but because
these rely on adsorption onto patterned substrates, they have intrinsically small yields (105
clusters) and require that the packings be constructed in a layer-by-layer fashion, which cannot reproduce all the structures shown here.
Concluding remarks. Our observations
support the idea of the second moment of the
mass distribution as a simple, useful definition of optimal packing in certain colloidal
systems. This minimization principle may
provide some insights into the local processes
underlying the densification of bulk powder
slurries or wet granular materials. Beyond
these applications, though, lies a new role for
colloidal microspheres: as model systems for
studying packing itself. Optimal finite sphere
packings are still poorly understood mathematically and scientifically, and even our relatively simple system produces a sequence of
packings predicted only within the past dec-
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Fig. 4. Intensity of scattered light (488 nm) as
a function of scattering angle for dispersions of
the ﬁrst four clusters. Solid lines are calculations of the theoretical scattering from randomly oriented idealized packings of 844-nm
spheres (31). The data and curves are offset for
clarity. Curve 1, single spheres; 2, sphere doublets; 3, triangles; 4, tetrahedra. The agreement
between theory and experiment shows that the
clusters are well separated and stable.

ade (11). The varied and unusual polyhedra
of this sequence illustrate how certain symmetries, including fivefold rotational symmetry, can arise solely from compression and
packing constraints and need not require interparticle attractions. It may well be possible
to define other types of constraints in microsphere systems and in so doing to discover
new sphere-packing motifs.
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Cell Therapy of ␣-Sarcoglycan Null
Dystrophic Mice Through IntraArterial Delivery of Mesoangioblasts
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Preclinical or clinical trials for muscular dystrophies have met with modest
success, mainly because of inefﬁcient delivery of viral vectors or donor cells
to dystrophic muscles. We report here that intra-arterial delivery of wildtype mesoangioblasts, a class of vessel-associated stem cells, corrects morphologically and functionally the dystrophic phenotype of virtually all
downstream muscles in adult immunocompetent ␣-sarcoglycan (␣-SG) null
mice, a model organism for limb-girdle muscular dystrophy. When mesoangioblasts isolated from juvenile dystrophic mice and transduced with a
lentiviral vector expressing ␣-SG were injected into the femoral artery of
dystrophic mice, they reconstituted skeletal muscle in a manner similar to
that seen in wild-type cells. The success of this protocol was mainly due to
widespread distribution of donor stem cells through the capillary network,
a distinct advantage of this strategy over previous approaches.
There are currently three main experimental
approaches to therapy of muscular dystrophies (1). Gene therapy focuses on the development of new vectors capable of delivering
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efficiently the missing gene to the postmitotic
nuclei of the muscle fibers in vivo. The pharmacological approach aims to restore the protein complex that is altered in many forms of
muscular dystrophy through different strategies ranging from skipping mutated exons to
increasing the synthesis of cognate proteins
such as utrophin. The cell therapy approach
aims to functionally rescue the tissue by delivery of cells (2); these may be satellite cells
(which regenerate new fibers after damage to
the muscle) or pluripotent stem cells (which
have been shown to differentiate into skeletal muscle both in vitro and in vivo).
However, the limited self-renewal and migratory capacity of dystrophic satellite cells
and our modest knowledge of stem cell
biology have so far hampered the success
of the cell therapy approach.
We recently identified a class of vesselassociated fetal stem cells that can differ-
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