
Stability of 2π domain walls in ferromagnetic nanoringsGabriel D. Chaves-O'Flynn, Daniel Bedau, Eric Vanden-Eijnden, A. D. Kent D. L. SteinDepartment of Physics, New York University, 4Washington Place, New York, New York 10003, USA andCourant Institute of Mathematical Sciences, New York University, New York, New York, 10012The stability of 2π domain walls in ferromagnetic nanorings is investigated via the calculation ofthe energy barrier that separates a 2p domain wall from the vortex state of a ferromagnetic nanoring.Trapped domains are stable when they exist between certain types of transverse domain walls, i.e.,walls in which the edge defects on the same side of the magnetic strip have equal sign and thus repel.Here the energy barriers between these con�gurations and the counterclockwise magnetization stateare obtained using the string method. Due to the geometry of the rings, two types of 2π walls mustbe distinguished that di�er by their overall topological index and exchange energy. The minimumenergy path corresponds to the expulsion of a vortex. The energy barrier for annihilation of a 2πwall is compared to the activation energy for transitions between the two ring vortex states.I. INTRODUCTIONRecent observations1�3 in thin ferromagnetic stripesshow magnetization con�gurations in which the magne-tization makes a full 2π turn in a localized region of thestripe, while the rest of the stripe is magnetized paral-lel to the edges of the stripe. These structures are sta-ble against small applied external magnetic �elds whichmakes them potentially useful for information storagedevices4. We have previously observed the same phe-nomenon in thin ferromagnetic annuli that results in theexistence of a hierarchy of metastable states5. The lo-cation of a 2π domain wall in rings has recently beenproposed as a mean to encode information4.Reliable control of domain wall structures is crucial inthe successful design of magnetic nanodevices6,7. Herewe explore the stability of 2π domain walls in ferromag-netic nanorings using the string method8�10. We �nd theenergy barrier ∆E separating two metastable con�gura-tions which determines the escape rate from an stablestate as being proportional to e−β∆E where β is the in-verse thermal energy11. The string method also gives themost probable escape path and transition state.We distinguish two types of domain walls by theirwinding number in the global (local) coordinate system
ω (Ω). We compare the energy barriers that separateseach type of wall from the ground state to the activationenergy that separates the two vortex con�gurations (in-stanton saddle5,12). A current �owing along the axis ofthe ring produces a circumferential �eld. The applicationof the circumferential �eld has two e�ects. First, the de-generacy of the two vortex states is lifted. Second, the�eld determines the width of the domain wall; in its ab-sence the 2π walls could dissociate into two independenttransverse walls at arbitrary distances from each other.II. METHODFollowing previous work5,12, we study a permalloy ring(exchange constant A = 1.3 × 10−11 J/m) with the fol-lowing dimensions and material properties: outer radius

R2 = 220 nm; inner radius R1 = 180 nm, thickness
t = 2 nm, magnetization saturation Ms = 8 × 105A/m,and exchange length given by lex =

√

2A
µ0M2

s

= 5.6 nm.A current �owing along the axis of the ring exerts a�eld H(r) = (hHc(R1 + R2)/2r)θ̂ A/m on the ring.Here h represents a fraction of the characteristic �eld
µ0Hc = 73.9 mT (for H > Hc, the clockwise vortex stateis no longer stable).We consider the overdamped case so that the escapetrajectory follows the negative gradient of the energy.This is done by integrating only the damping term of theLandau-Lifshitz-Gilbert equation

dM

dt
= −

|γ|α

Ms

M × (M × Heff). (1)Here α is the damping coe�cient, γ is the gyromagneticconstant, and Heff = −∇ME/µ0 is the e�ective mag-netic �eld. The total micromagnetic energy E is thesum of the exchange Eex, Zeeman EZ and magnetostaticterms Emag.The string method is used to calculate the mini-mum energy path ξ(α), (ξ : α ∈ [0, 1] → M(r)) be-tween two stable states (ξ(0) = MA,ξ(1) = MB) thatpasses through the minimum energy barrier that sepa-rates them. In practice, the path is discretized in N+1points between MAand MB denoted as Mi(r, t) with
i = 0, ..., N . Each magnetization evolves using the pub-licly available micromagnetic code OOMMF13 until thetime reaches some interval ∆t which we have selected tobe 10 ps. This gives a sequence of con�gurations:

M
′

i(r, t) = Mi(r, t) +

ˆ t+∆t

t

dMi(r, t
′)

dt
dt′ (2)Once all the M

′

i(r, t) have been obtained, the stringmethod requires a reparametrization step. First the com-plete arc sN length of the trajectory is calculated by
s0 = 0, si = si−1 + |M′

i(r, t) − M
′

i−1(r, t)|. (3)
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Figure 1: Energy barrier for annihilation of 2π domain wall.The arc lengths are renormalized using α′

i = si/sN .Finally we do a simple linear interpolation for all i alongthe trajectory so that
Mi(r, t+∆t) = M

′

j(r, t)+
M

′

j+1(r, t) − M
′

j(r, t)

α′

j+1 − α′

j

(
i

N
−α′

j)(4)where j(i) is the index of the string where α′

j+1 ≥
i/N ≥ α′

j . During each step of the program weobserve the magnetic energy Ei(t)=Eex(Mi(r, t)) +
EZ(Mi(r, t)) + Emag(Mi(r, t)) as indicator of how farfrom convergence the current step is. The iteration pro-cess is stopped when there is no visible change in thefunction Ei(t).III. ANNIHILATION OF 2π DOMAIN WALL.We now present the results of the string method to�nd the minimum energy path for destruction of a 2πwall for the two types of 2π domain wall described. Fig.1 and its companion Fig. 2 present the string energiesand con�gurations after relaxation of the string. The
Ω = +1, 2π wall decays into the counterclockwise con-�guration by the expulsion of a vortex from the innerhole. On the other hand, the Ω = −1, 2π wall decaysinto the counterclockwise con�guration by the expulsionof an antivortex. This observation shows a remarkablecorrespondence between a topological defect crossing thestripe and the signature of the 2π walls being annihilated.For comparison purposes we provide magnitudes of theenergy landscape of ferromagnetic nanorings obtainedwith the string method. The lowest energy barrier be-tween the counterclockwise and the clockwise vortex con-�gurations passes through the instanton saddle (with
Ω = 0); the activation energy of this event is 22× 103 K.This is consistent with our previous work on nanorings5.For a 2π wall with index Ω = 1 the decay into the ground

Figure 2: Minimum energy path for the annihilation of 2πdomain walls in consideration. (Above) 2π wall with topo-logical index Ω = −1, (below) 2π wall with topological index
Ω = +1.state has an energy barrier equal to 14×103 K. The anni-hilation a 2π wall with index Ω =−1 has an energy barrierequal to 20× 103 K. This shows that the annihilation ofa 2π domain wall by the expulsion of a topological defectis comparable to the reversal between vortex states by ainstanton �uctuation.IV. DISCUSSIONFor annuli with the dimensions being considered themagnetization is constrained to lie on the plane of thering; for the stable states the magnetization can be con-sidered to be independent of the radial coordinate. Theexchange energy Eex of a stable state is given by12:
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](5)where φ(θ) is the angle that the magnetization makeswith the tangent of the ring at a given angle θ; Ω is a�winding number� of the magnetization with respect tothe local coordinate system.The di�erence in winding numbers (∆Ω) of the 2πwalls considered results in an exchange energy di�erence
∆EΩ between these two states. Using Eq. (5) the di�er-ence can been shown to be approximately:

∆EΩ[M(r)] = 2πµ0M
2
s tl2ex ln

(

R2

R1

)

∆Ω = 9, 401 K.(6)The total exchange energy di�erence between these 2πwalls (Ω = ±1) obtained from the micromagnetic simu-lation results is 9, 827K. Here we have ignored a contri-bution to this di�erence of terms of the form ´ (

∂φ
∂θ

)2

dθsince, in equilibrium, they combine with the demagne-tization and Zeeman energy terms into an energy min-imum. This shows a very good agreement between anestimate obtained from the 1D model and the full numer-ical simulation. The exchange energy term is the biggestcontributor to the di�erence between the total energies ofthe two domain walls: the numerical values from the de-magnetization and Zeeman energy are 10 times smaller.The main point is that most of the energy di�erence be-tween these two types of 2π domain wall is the result oftheir respective topological windings.We now consider the question of how to produce thesetwo types of 2π walls. We use the information containedin their global topological number ω and compare it toother known states of nanorings. In particular, the well-known 'onion' state has ω = 0. Since the onion is theremanent magnetization after saturation on an inplaneuniform �eld, one can produce the Ω = −1 wall by ap-plying a strong �eld in-plane, and applying the circum-ferential �eld so that domain sizes change accordingly.The two walls will approach and form a 2π, Ω = −1 wall.Changing the direction of either the in-plane �eld or thecircumferential �eld will only change the �nal position ofthe 2π wall, not its topological index.The 2π, ω = 2 domain wall cannot be produced us-ing only uniform and circumferential �elds. However, wepropose the following technique to produce that con�gu-ration in nanorings: apply a strong dipolar �eld (ω = 2)in the interior of the ring. This could be produced bya small current loop with its axis coplanar to the struc-ture, or by bringing a magnetic tip close to the device. Ifthis dipolar �eld is strong enough, two transverse wallswould be produced at opposite sides of the ring; the mag-netization vector at the centers of the wall will point inthe opposite direction of the overall magnetization of thering. Activating the circumferential �eld as the dipole

strength is decreased will result in the desired con�gura-tion.One �nal question is whether resistance measurementscan distinguish the di�erence between the two types of
2π structures reported in this work. For instance, onecould attempt to use Anisotropic MagnetoResistance ex-periments to read the overall winding number of the con-�guration. An estimate of this e�ect can be obtained byintegrating J ·M along a certain segment of the ring thatspans the whole 2π domain wall. Since J runs along θ̂the AMR would be proportional to 〈Mθ/Ms〉 which canbe directly calculated from the 2π con�guration. For twoelectrodes located at the top and bottom of the segmentshown in Fig. 2 these values are 0.042 and 0.016 for the
Ω = +1 and Ω = −1 walls respectively. It may be pos-sible to apply a current to probe the winding numberof the 2π domain wall as an extra splitting of the AMRsignal. V. CONCLUSIONWe have presented results on the thermal annihila-tion of 2π domain walls. We di�erentiated between twotypes of 2π walls through their winding number in curvednanowires. We have observed a simple arithmetical rela-tion between the topological index of the di�erent con�g-urations and the processes by which each structure de-cays into the ground state. The fact that the energydi�erence between the two states is dominated by the ex-change energy allows to identify the states through theirwinding number. The transition path requires the motionof a singularity through the bulk: an antivortex destroys
Ω = −1 walls, and a vortex annihilates Ω = +1 walls.Similar behavior might be expected to work for linearstripes. Topological defects are known to play a role incertain types of phase transitions; here we have detailedthe mechanism by which they destroy 2π wall structures.The two types of 2π domain wall correspond to dis-tinct metastable states: the greatest contribution to theenergy di�erence comes from the exchange energy dif-ference. The energy can be directly associated with thetopological signature of the magnetization con�guration.The stability of these two states is comparable to thestability of the clockwise con�guration. We suggest touse AMR telegraph noise measurements as a way to ver-ify the presence of the two types of wall in magneticnanowires. Multiple thermally activated reversal shouldgenerate both types of wall which could be recognized astwo separate values of the AMR.Further micromagnetic exploration of the 2π wall an-nihilation problem presented here can be done movingaway from the overdamped regime by using a nonzeroprecessional term. The results presented here are a con-venient limiting case for comparison purposes.
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